We consider Riemannian 4-manifolds X with a Spin c -structure and a suitable circle bundle Y over X such that the Spin c -structure on X lifts to a spin structure on Y . With respect to these structures a spinor on X lifts to an untwisted spinor on Y and a U(1)-gauge field for the Spin c -structure can be absorbed in a Kaluza-Klein metric on Y . We show that irreducible solutions to the Seiberg-Witten equations on X are equivalent to solutions of a Dirac equation for the spinor on Y with a cubic non-linearity.
INTRODUCTION
Suppose that M is a 4-manifold with a Lorentz metric g M and an electromagnetic gauge field, i.e. a 1-form A ∈ Ω 1 (M ). The original Kaluza-Klein ansatz [12] , [13] is to consider the 5-manifold Y = M ×S 1 and combine g M and A to a Lorentz metric g Y on Y which is invariant under the circle action. The 5-dimensional vacuum Einstein field equations for g Y (i.e. vanishing of the Ricci tensor) then imply the 4-dimensional Einstein field equations for g M with electromagnetic source and the Maxwell equation for A.
Let (X, g X ) be a smooth, closed, oriented, Riemannian 4-manifold. We choose a Spin c -structure s c X on X with associated spinor bundle S c X and determinant line bundle L. Locally the spinor bundle S c X is a tensor product of a standard spinor bundle and a square root L 1 2 , i.e. a twisted spinor bundle. Since X is not necessarily spin, the standard spinor bundle and the square root may not exist globally on X. However, Spin c -structures always exist on closed, oriented 4-manifolds.
The Seiberg-Witten equations [22] are partial differential equations for a pair (A, φ), consisting of a U(1)-connection A on L and a positive Weyl spinor φ ∈ Γ(S c+ X ). These equations can be used to define the Seiberg-Witten invariants of X, which have numerous applications to the differential geometry, symplectic geometry and topology of 4-manifolds.
Let π : Y → X be the principal circle bundle with Euler class e. We consider two cases:
• If X is non-spin, we choose e = c 1 (L) and a connection A on L.
• If X is spin, let L 1 2 be the square root of L determined by a spin structure. We then choose e = c 1 (L 1 2 ) and a connection A on L 1 2 , which induces a connection A ′ on L.
For this choice of Euler class e the Spin c -structure s c X on X lifts to a canonical spin structure s Y on Y . For the associated spinor bundles, every spinor φ ∈ Γ(S c X ) has a canonical lift to an untwisted spinor ψ = Q(φ) ∈ Γ(S Y ).
We can think of the connection A as a U(1)-connection A ∈ Ω 1 (Y ; iR) on the principal bundle Y and define the Kaluza-Klein metric
Theorem 1.1. We consider the Seiberg-Witten equations on X:
be a positive Weyl spinor on X and ψ = Q(φ) ∈ Γ(S Y ) the lift to Y .
• If X is non-spin and (A, φ) a solution to the Seiberg-Witten equations, then
• If X is spin and (A ′ , φ) a solution to the Seiberg-Witten equations, then
Here D Y is the Dirac operator on S Y for the Riemannian metric g Y . If φ does not vanish identically on X, then also the converse follows in both cases, i.e. if equation (1.1) or (1.2) holds, then (A, φ) or (A ′ , φ), resp., is a solution to the Seiberg-Witten equations. Theorem 1.1 is a special case of the more general Theorem 7.4. Reducible solutions (A, 0) to the Seiberg-Witten equations are given by connections A so that F + A = 0. The trivial spinor ψ ≡ 0 is of course a solution to equation (1.1) and (1.2), without a condition on A.
The pullback of a Spin c -structure s c X to a spin structure s Y on the circle bundle Y → X defined by s c X has been discussed in [18] . The proof of Theorem 1.1 and Theorem 7.4 depends on a calculation in [3] of the Dirac operator D Y on lifted spinors ψ = Q(φ), see Proposition 6.3 and Proposition 6.4. The implication in the case φ ≡ 0 from equation (1.1) and (1.2) to the Seiberg-Witten equations follows from a theorem in [5] on the zero set of harmonic spinors for generalized Dirac operators.
Both Seiberg-Witten equations on X combine to a single equation on Y , because the Dirac operator D Y maps the lift of a positive Weyl spinor to the lift of a mixed spinor. Similarly the map (with Clifford multiplication in the second entry)
Note that the quadratic non-linearity σ(φ, φ) in the Seiberg-Witten equations becomes the non-linearity |ψ| 2 .
Remark 1.3. The Seiberg-Witten equations on X are equations for the pair (A, φ) and the Riemannian metric g X is usually considered a parameter. The lifted equations (1.1) and (1.2) on Y are equations for the spinor ψ. The connection A has been absorbed into the parameter g Y . (For a given metric g X , the Kaluza-Klein construction is an embedding of the space of connections on Y into the space of Riemannian metrics on Y , because a connection 1-form is determined by an Ehresmann connection, which in the Kaluza-Klein case is given by the orthogonal complement of the tangent space to the circle fibres.)
Recall that the Seiberg-Witten equations are gauge invariant: Every smooth function h : X → S 1 defines a gauge transformation (bundle automorphism)
Writing
with the standard volume form dθ on S 1 , the action of gauge transformations on connections A ∈ Ω 1 (Y ; iR) is given by
The action on spinors is given by
. Gauge transformations act as diffeomorphisms on the space of Riemannian metrics on Y and map Kaluza-Klein metrics to Kaluza-Klein metrics: The metric g Y changes to
For a suitable identification of the spinor bundle S Y the Dirac operator changes to D Y h and the spinor to ψ h ∈ Γ(S Y ).
Gauge invariance of the Seiberg-Witten equations means that if (A, φ) is a solution to the equations, then (A h , φ h ) is also a solution. Theorem 1.1 implies that ψ h is a solution to equations (1.1) and (1.2 
Remark 1.4. Both equations (1.1) and (1.2) make sense for spinors ψ ∈ Γ(S Y ) on any spin Riemannian 5-manifold (Y, g Y ). Other generalizations of the Seiberg-Witten equations to 5-manifolds can be found in [8] , [14] , [19] .
Convention. In the following all manifolds are smooth, connected and oriented.
KALUZA-KLEIN CIRCLE BUNDLES
Let (X 4 , g X ) be a closed, oriented, Riemannian 4-manifold and π : Y 5 −→ X 4 the oriented S 1 -bundle with Euler class e ∈ H 2 (X; Z). The bundle Y is a principal bundle with group action Y × S 1 → Y . We denote by K the vector field on Y along the fibres, given by the infinitesimal action of a fixed element in the Lie algebra u(1) of S 1 , normalized such that the flow of K has period 2π.
The manifold X can be considered as the quotient Y /S 1 under the free circle action. We define a Riemannian metric g Y on Y with the following Kaluza-Klein ansatz [7] : Let A ∈ Ω 1 (Y ; iR) be a U(1)-connection on the principal bundle Y → X. Then A is invariant under the circle action,
and can be normalized such that
The metric g Y has the following properties:
• The horizontal bundle H = ker A is orthogonal to the circle fibres.
• g Y | H = π * g X .
• g Y (K, K) = 1, i.e. the circle fibres have length 2π.
• K is a Killing vector field for g Y , i.e. L K g Y = 0. The Kaluza-Klein metric g Y on Y is completely characterized by these properties.
Let L → X be the complex line bundle with c 1 (L) = e. We can define L as the complex line bundle associated to Y via the standard representation of S 1 on C. Then L has a Hermitian metric and Y can be thought of as the unit circle bundle in L. The connection A on Y induces a connection (covariant derivative) on L, also denoted by A.
Lemma 2.2. The pullback π * L → Y is a trivial complex line bundle which has a preferred, tautological trivialization.
Proof. The pullback π * Y is a principal S 1 -bundle over Y with total space given by π * Y = {(y, z) ∈ Y × Y | π(y) = π(z)} and projection onto the first factor. A tautological section is
which yields the trivialization
of π * Y and thus of π * L. Remark 2.3. The trivial principal bundle pr : Y × S 1 → Y has a canonical flat U(1)-connection A 0 , so that the horizontal subspaces are tangent to the Y -fibres. This induces a canonical flat connection A 0 on π * L.
The pullback pr * A is a 1-form on Y × S 1 with values in iR. It satisfies
whereK is the unit tangent vector along the
Lemma 2.2 implies that the pullback π * L ⊗n for every n ∈ Z has a tautological trivialization. The bundles L ⊗n are the only complex line bundles on X (up to isomorphism) whose pullback to Y is trivial:
Proof. This is a consequence of the following part of the Gysin sequence:
SPIN AND Spin c -STRUCTURES ON MANIFOLDS
We collect some general background on spin and Spin c -structures (more details can be found, for example, in [9] , [16] , [17] ). Let n ≥ 3 and (M, g M ) be an oriented Riemannian manifold of dimension n. With respect to the Riemannian metric g M the set of oriented orthonormal frames in T M forms a principal bundle P SO (M ) over M with action
A spin structure on M is a principal bundle
over M together with a smooth map s : P Spin (M ) → P SO (M ), so that the actions of Spin(n) and SO(n), the homomorphism λ and the projections to M are all compatible.
A spin structure on M exists if and only if 
which extends to all differential forms on M . The Levi-Civita connection of the Riemannian metric g M defines a principal connection on P Spin (M ), because λ * : spin(n) ∼ = so(n), and a covariant derivative ∇ M on S M . The covariant derivative together with the Clifford multiplication define the Dirac operator
a first order linear differential operator.
Spin c -structures. We define
where the non-trivial element in Z 2 acts as (−1, −1). There are Lie group homomorphisms
A Spin c -structure on M is a principal bundle
over M together with a smooth map s c : P Spin c (M ) → P SO (M ), so that the actions of Spin c (n) and SO(n), the homomorphism ρ and the projections to M are all compatible.
For a Spin c -structure s c the representation χ defines a complex line bundle L on M , called the characteristic line bundle or (in dimension n = 4) the determinant line bundle 1 of the Spin c -structure. We have
Suppose that s c is a Spin c -structure. We can twist s c with a principal U(1)-bundle E to get a Spin c -structure s c ⊗ E. Every other Spin c -structure s c′ can be obtained in this way (up to isomorphism) from s c with a unique E. The characteristic line bundles are related by
The spinor representation κ n of Spin(n) together with the standard representation of U(1) define the unitary (Dirac) spinor representation κ c n of Spin c (n) on the complex vector space ∆ n . The Spin c -structure s c then yields an associated complex spinor bundle S c M with a Clifford multiplication. The Levi-Civita connection of the Riemannian metric g M together with the choice of a U(1)-connection A on L define a covariant derivative ∇ M A on S c M . The covariant derivative together with the Clifford multiplication define the Dirac operator
. A fundamental fact is the following: A proof can be found, e.g. in [10] or [17] 
The associated fibre bundle
defines a Spin c -structure s c 0 . Since the composition χ • µ is the trivial homomorphism to U(1), the characteristic line bundle of s c 0 is trivial. 
It follows that 2c 1 (E) = 0 if and only if c 1 (E) is in the image of the injection
The group H 1 (M ; Z 2 ) describes the set of spin structures and the group H 1 (M ; Z) the set of different trivializations of a trivial complex line bundle. This shows that the non-uniqueness in Proposition 3.4 is related to the existence of different trivializations of the trivial characteristic line bundle L.
SPIN AND Spin c -STRUCTURES ON KALUZA-KLEIN CIRCLE BUNDLES
We continue with the setup from Section 2. General arguments in [3] , [6] , [18] show (see also [2] , [20] , [21] ): Remark 4.3 (see [11] ). For an arbitrary circle bundle Y → X with Euler class e, the Whitney sum formula applied to the decomposition T Y = π * T X ⊕ R, where R is the trivial vertical line bundle, shows that
The Z 2 -Gysin sequence implies that the kernel of π * on H 2 (X; Z 2 ) is equal to {0, e mod 2}. In our case
hence Y is spin. Proposition 4.2 defines an explicit spin structure s Y on Y .
Remark 4.4. Note the following subtlety: Suppose that X is spin with spin structure s X and s c X is a Spin c -structure on X with characteristic line bundle L. There is a unique square root L Let Y → X be the circle bundle with Euler class e = c 1 (L). Then we can lift s X to a spin structure s Y and s c X to a spin structure s ′ Y on Y . However, it is not always true that s Y and s ′ Y are the same spin structure. One reason is that the bundle L 
Even then a trivialization of π * L 1 2 may not be canonical. Another reason is that the lifts of both s c 0X and s c X have trivial determinant line bundles on Y , but these bundles are trivialized differently: s Y is obtained by pulling back the trivial determinant line bundle of the spin structure s X on X whereas s ′ Y is obtained by pulling back the determinant line bundle L of s c X , which becomes trivial on Y and is then trivialized tautologically.
This problem is related to the question whether the spin structure s ′ Y is projectable or not.
4.1.
Projectable and non-projectable spin structures. Suppose that s Y is an arbitrary spin structure on Y . We want to discuss whether it descends to a spin structure on X. This depends on whether the S 1 -action on P SO (Y ) lifts to P Spin (Y ) (cf. [4] , [6] ): We denote the isometric action of S 1 on Y by
The induced action of S 1 on P SO (Y ) defines a smooth family of diffeomorphisms
that lifts to a smooth family of diffeomorphisms
because the manifold P Spin (Y ) is a double covering of P SO (Y ). We have α 0 = Id and specify the liftα uniquely byα 0 = Id. Since α 2π = Id and the bundles are connected manifolds there are two possibilities:
•α 2π = Id: the S 1 -action then lifts to P Spin (Y ) and the spin structure s Y is called projectable (or even). It descends to a spin structure s X on X. The lift of s X as a spin structure is s Y . •α 2π is multiplication with −1 ∈ Spin(5) in each fibre: the S 1 -action then does not lift to P Spin (Y ) and the spin structure s Y is called non-projectable (odd). It does not descend to a spin structure on X. Remark 4.6. In the situation of Remark 4.4 the spin structure s Y is projectable, but s ′ Y may be non-projectable. Example 4.7 (cf. [21] ). We consider the manifold S 1 with the S 1 -action
There are two spin structures on S 1 corresponding to H 1 (S 1 ; Z 2 ) = Z 2 : We have SO(1) = {1} and
(the spin group in dimension 1 is not connected). The frame bundle SO(S 1 ) = S 1 × {1} is trivialized by the unit tangent vector K. A spin structure on S 1 is a double covering s : Spin(S 1 ) −→ S 1 × {1}.
There are two cases:
• The trivial covering Spin(S 1 ) = S 1 × Z 2 . The action Φ lifts to an action on Spin(S 1 ). • The non-trivial covering: The action Φ does not lift.
The non-trivial covering is distinguished by the fact that it extends to a spin structure on D 2 : note that Spin(2) → SO(2) is the non-trivial double covering. The unique spin structure on D 2 is the trivial one:
On the boundary S 1 the vector field K and an outward normal define an embedding
and the preimage in Spin(D 2 )| S 1 defines a spin structure on S 1 . This is the nontrivial spin structure.
Remark 4.8 (cf. [21] ). For the circle bundle Y 5 → X 4 let Z 6 be the associated unit disk bundle, so that Y 5 = ∂Z 6 :
• projectable spin structures on Y restrict to the trivial spin structure on the S 1 -fibres. They are pullbacks of spin structures on X, but do not extend to Z. • non-projectable spin structures on Y restrict to the non-trivial spin structure on the S 1 -fibres. They do not descend to X, but they are the restriction of spin structures on Z.
To circumvent the discussion of non-projectable spin structures we use the following refinement of Proposition 4.2. 
SPINORS ON KALUZA-KLEIN CIRCLE BUNDLES
Let (X 4 , g X ) be a closed, oriented, Riemannian 4-manifold with Spin c -structure s c X and Y → X the principal circle bundle with Kaluza-Klein metric g Y and canonically induced spin structure s Y given by Theorem 4.9.
The Dirac spinor representation spaces ∆ 4 and ∆ 5 are both isomorphic to C 4 and we get the Dirac spinor bundles
If X is spin with spin structure s X , there is also the spinor bundle
Since the spinor representations are unitary, the spinor bundles carry Hermitian bundle metrics.
The representation of Spin c (4) on C 4 preserves a splitting C 4 = C 2 ⊕C 2 , hence we get a decomposition S c X = S c+ X ⊕ S c− X into positive and negative (Weyl) spinor bundles of complex rank 2. Clifford multiplication with a tangent vector in T X maps S c± X to S c∓ X . There is a similar decomposition in the case of a spin structure s X . The covariant derivative ∇ X A preserves the subbundles S c± X , hence the Dirac operator maps D X A : Γ(S c± X ) −→ Γ(S c∓ X ). The construction of the lift s Y implies that we can identify (see [18] ) S Y ∼ = π * S c X and thus lift spinors from X to Y :
Let dvol g X denote the canonical volume form of the oriented, Riemannian 4manifold (X, g X ).
Lemma 5.1. Clifford multiplication on the spinor bundles is related by
for all φ ∈ Γ(S c X ), where V * ∈ T Y is the horizontal lift (with respect to the metric g Y ) of a tangent vector V ∈ T X and K is the vertical unit vector field along the S 1 -fibres.
Remark 5.2. Note that Clifford multiplication satisfies dvol g X · dvol g X · φ = φ, ∀φ ∈ Γ(S c X ) on a 4-dimensional Riemannian manifold.
We want to determine the image of π * in Γ(S Y ), i.e. the spinors on Y that come from spinors on X. We distinguish the case that X is spin or non-spin (we follow the exposition in [3] ; see also [1] , [2] , [20] ).
lifts to an action on P Spin (Y ) and defines an action
which induces a representation of S 1 on L 2 (S Y ). The vector field given by the infinitesimal action of Φ is K and we can define a Lie derivative on spinors ψ ∈ Γ(S Y ) by
which corresponds to the differential of the representation of S 1 on L 2 (S Y ). It follows that there is a decomposition
if and only if κ(ψ y , e it ) = e ik ψ ye it ∀y ∈ Y, t ∈ R. [3] shows: Proposition 5.3. Suppose that X is spin and the circle bundle Y → X chosen as in Theorem 4.9. For each k ∈ Z there exists a bundle map
Note that
that covers the projection π : Y → X and is fibrewise an isomorphism. It induces an isomorphism of Hilbert spaces
so that the following diagram commutes for each spinor φ ∈ Γ(S c X ⊗L ⊗(− 1 2 (k+1)) ):
The map Q k commutes with Clifford multiplication:
In particular, there are isomorphisms
and
. It follows that a spinor φ ∈ Γ(S X ) lifts to a spinor ψ = π * φ ∈ Γ(S Y ) with
5.2.
X is non-spin. The spin structure s Y is non-projectable. In this case the action S 1 -action on Y only lifts to a family of diffeomorphismsα t on P Spin (Y ) and thus to a family of mapsκ
We can still define a Lie derivative on spinors ψ ∈ Γ(S Y ) by
According to Remark 4.5 the operator L 2K comes from a representation of S 1 on L 2 (S Y ), but L K does not, hence the eigenvalues of L 2K must be odd, i.e.
is the eigenspace of L K with eigenvalue i(k + 1 2 ).
Proposition 5.4. Suppose that X is non-spin and the circle bundle Y → X chosen as in Theorem 4.9. For each k ∈ Z there exists a bundle map
so that the following diagram commutes for each spinor φ ∈ Γ(S c X ⊗ L ⊗(−(k+1)) ):
The map Q k+ 1 2 commutes with Clifford multiplication:
In particular, there is an isomorphism
It follows that a spinor φ ∈ Γ(S c X ) lifts to a spinor ψ = π * φ ∈ Γ(S Y ) with and Q −(n+1) shows that spinors from the associated spinor bundles on X lift to spinors in Γ(S Y ) which can be distinguished by their eigenvalues under the Lie derivative L K . and Q −(n+1) we get corresponding decompositions
Remark 5.7. We can choose the Hermitian bundle metrics on the spinor bundles S c X ⊗ L ⊗n , S c X ⊗ L 1 2 ⊗n and S Y such that the bundle maps Π −(n+ 1 2 ) and Π −(n+1) in Propositions 5.4 and 5.3 are isometries on each fibre. This choice is compatible with the relation between Clifford multiplication given by Lemma 5.1. For spinors φ and ψ = Q(φ), where Q denotes Q −(n+ 1 2 ) or Q −(n+1) , this implies |ψ| 2 = |φ| 2 • π.
DIRAC OPERATORS
Let (X 4 , g X ) be a closed, oriented, Riemannian 4-manifold with Spin c -structure s c X and Y → X the principal circle bundle given by Theorem 4.9.
6.1. Clifford identities. We collect some identities involving Clifford multiplication. Let dvol g X denote the volume form of the oriented, Riemannian 4-manifold (X, g X ) and Ω 2 ± (X; C) the self-dual and anti-self-dual 2-forms on X, satisfying * ω ± = ±ω ± , ∀ω ± ∈ Ω 2 ± (X), where * is the Hodge star operator. Lemma 6.1. The following identities for Clifford multiplication γ hold:
(a) For ω ± ∈ Ω 2 ± (X; C) we have dvol g X · ω ± = ∓ω ± and γ(ω ± ) ∈ End 0 (S c± X ), where End 0 (S c± X ) denotes the trace-free endomorphisms of S c± X . In particular,
Proof. Identities (a) and (b) can be found references on Seiberg-Witten theory, e.g. [17] . Identity (c) follows from Definition 5.1.
This implies: Proposition 6.2. Let φ ∈ Γ(S c+ X ) be a positive Weyl spinor, ψ = π * φ and ω ∈ Ω 2 (X; C) with self-dual part ω + . Then
We now discuss the relation between the Dirac operators on X and Y . 6.2. X is spin. We choose a U(1)-connection A on the square root L 1 2 . The spinor bundle S c X ⊗ L 1 2 ⊗n has determinant line bundle L ⊗(n+1) . Let A n be the U(1)connection on L ⊗(n+1) induced from the connection A on L 1 2 . Together with g X this defines for all n ∈ Z the Dirac operator
The connection A and Riemannian metric g X define the Kaluza-Klein metric g Y on Y , that yields the Dirac operator
The curvature F A ∈ Ω 2 (X; iR) satisfies
According to Proposition 5.3 there is an isometry
The proof in [3, Theorem 4.1] shows (for the second statement we use Proposition 6.2). Proposition 6.3. The restriction
is given by
The restriction
6.3. X is non-spin. We choose a U(1)-connection A on the determinant line bundle L. The spinor bundle S c X ⊗ L ⊗n has determinant line bundle L ⊗(2n+1) . Let A n be the U(1)-connection on L ⊗(2n+1) induced from the connection A on L. Together with g X this defines for all n ∈ Z the Dirac operator
According to Proposition 5.4 there is an isometry 
Remark 6.5. The Dirac operator D X An maps positive spinors to negative spinors, whereas the constant term and γ(F + An ) map positive spinors to positive spinors. This means that the Dirac operator D Y in general maps the lift of a positive spinor to the lift of a mixed spinor.
The reason is that Clifford multiplication with horizontal vectors in T Y interchanges lifts of positive and negative Weyl spinors, but the Clifford action of the vertical vector K, which acts as the volume form dvol g X on X, preserves the type of Weyl spinors.
An equation of the form
where both ψ 1 and ψ 2 are lifts of positive spinors φ 1 and φ 2 , therefore implies via the isomorphism Q two equations, for example in the non-spin case
7. LIFT OF THE SEIBERG-WITTEN EQUATIONS 7.1. The Seiberg-Witten equations. Let (X 4 , g X ) be a closed, oriented, Riemannian 4-manifold with a Spin c -structure s c X and determinant line bundle L. We consider in this subsection a spinor φ ∈ Γ(S c+ X ) and a U(1)-connection A on L. The Seiberg-Witten equations [22] for (A, φ) are
). We follow the notation in [15] . Here σ(φ, φ) is the self-dual 2-form in Ω 2 + (X; iR) which under the fibrewise isomorphism
corresponds to the trace-free endomorphism
Using an explicit representation of the spinor space ∆ 4 as a module over the Clifford algebra Cl(4) it can be shown [17] that γ maps the real forms Ω 2 + (X; R) isomorphically onto the skew-Hermitian trace-free endomorphisms of S +c X . The imaginary valued forms Ω 2 + (X; iR) thus map isomorphically onto the Hermitian trace-free endomorphisms of S +c X . Hence σ(φ, φ) is indeed a form in Ω 2 + (X; iR). We also get: Lemma 7.1. Let τ ∈ Ω 2 + (X; iR). If γ(τ ) has non-trivial kernel in a point p ∈ X, γ(τ p )φ p = 0, φ p = 0 ∈ S +c Xp , then τ p = 0.
Proof. This follows from the formula
that holds for positive Weyl spinors φ in each point p ∈ X.
With respect to a local orthonormal frame for S c+ X we can write (see [15] )
, hence the action of σ(φ, φ) on φ is given by
One sometimes considers the more general equations Proof. The first claim is immediate by Lemma 7.2. For the converse, equation (7.3) implies γ(F + A − σ(φ, φ) − ω)φ = 0. Lemma 7.1 implies that equation (7. 2) holds in all points p ∈ X where φ p is nonzero. Suppose that F + A − σ(φ, φ) − ω is non-zero in some point p ∈ X. Then by continuity it is non-zero also in a small open neighbourhood U of p. Hence φ has to vanish on U . Since by assumption φ does not vanish identically on X and D X A φ = 0, this contradicts a theorem in [5] that the zero set of a harmonic spinor φ of a generalized Dirac operator is a countably 2-rectifiable set in X and thus has Hausdorff dimension at most 2. Therefore equation (7. 2) holds in all points of X.
Main theorem.
We can now state our main theorem. Theorem 1.1 is the special case n = 1 and ω = 0. Theorem 7.4. Let (X 4 , g X ) be a closed, oriented, Riemannian 4-manifold. We consider the Seiberg-Witten equations D X A φ = 0 F + A = σ(φ, φ) + ω on X with perturbation ω ∈ Ω 2 + (X; iR). Let s c X be a Spin c -structure on X with determinant line bundle L.
• If X is non-spin, let π : Y → X the principal circle bundle with Euler class e = c 1 (L). Let A be a U(1)-connection on L and define the Kaluza-Klein metric g Y = π * g X − A ⊗ A on Y . Then the Spin c -structures s c X ⊗ L ⊗n , for n ∈ Z, all lift canonically to the same spin structure s Y on Y and every spinor φ ∈ Γ(S c+ X ⊗ L ⊗n ) has a unique lift ψ = Q(φ) ∈ Γ(S Y ). Let A n be the induced U(1)-connection on the determinant line bundle L ⊗(2n+1) . If (A n , φ) satisfy the Seiberg-Witten equations, then D Y ψ = 1 8(2n + 1) |ψ| 2 − 4 (2n + 1) 2 + 2γ(π * ω) ψ. i.e. the circle fibres over a point x ∈ X have length 2πr(x). In the physics literature
